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Third solution. Corrected setting:
Let p be an integer and a positive real number. Prove that

e o — aP mifa > 1
>~ arctan <ﬁ> = Difa=1

i i —nm ifa € (0,1)

Obvious that for a = 1 the sum equal to zero.

Let @ > 1 and let a, := arctana™,n € Z. Then a™ = tanay,,n € Z and

a? —a? a" (aP —a7P) T [a"tP —qa"P
arctan | ——— ) = arctan | ——— = ) = arctan | ————— | =

am + a~ " am (an + a—n) 1 + a2n

an+p —aqhP

= arctan (-———
1+ a™tP . P

) = arctan (tan (an+p — Gn—p)) = Cnip — Cn—p
(because ay, € (0,00),n €Z = apyp —0n—p € (-7/2,7/2),n,p € L).

Let Bp := antp + Qngp-1+ .. + Qn—pt1,N € 7. Since
Qpitp — Qp—p = Pn = Bn—1 then

n ap = a_p n
S = lim E arctan | ——— | = lim E o — Qp_p) =
n—o0 ak +ak S5 (ktp k—p)
=—n

k=—n
= lim Y (B —Br1) =
k=-n
- nh—>Hc}o (Bn — Bn-1)=

g nlggo P — nll,n;o B-(n+1) = nlggo (ntp + Qnyp-1 + o + On—p+1) =
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. T
— lm (@_p_14p+@pip2+...+a g p)=2p--—2p-0=mp

n—0o0 2

. 5 ™ 3 -
because lim oy, = lim arctana™® = = and lim arctana "**¥ = 0 for
n—00 n—00 2 n—00

any integer k.
1

If a € (0,1) then — > 1 and
a

Arkady Alt

Fourth solution. The result is partially correct. It should be

-1
7rpa—— ifa#1, Oifa=1
la — 1]
If a = 1 we have
aP —a™ P 1-1
arctan —— = arctan ——— =0
aTL_l_a—n an+a—n

Let a > 1. We have

> aP —aP aP — a~P . s aP —aP
arctan [ ———— | = arctan —— + arctan| ——— | =
; (an _+_ a~’n> 2 z an _|_ a—'n

n=1

aP —a=P = a™tP — g"~P
= arctan ——— + 2 Z arctan (— =

1+
n=1
a? —a? e " .
= arctan L5t +2 1\}1m (arctan a™P —arctana™ P ) —
—00 i
p_ gP N+p N-—p i
= arctan +2 lim Z arctana™ — Z arctana =




